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ABSTRACT: The effects of volume exclusion on polymer chain conformations can be determined from the study of 
the angular dependence of radiation scattered by chain molecules. It is found that useful information can be ob- 
tained only when the variable r is large, where r is the product of the square of the magnitude of the scattering vec- 
tor and of the mean square radius of gyration. Hence, solutions of macromolecules of very high molecular weight 
are needed for these investigations. The theoretical treatment of the scattering function is based on several as- 
sumptions. The validity of these assumptions is examined by computing, using a Monte-Carlo technique, various 
moments of intramolecular separations and comparing the results so obtained, in the limit of a chain of infinite 
length, with the analytical results. The computations seem to verify the validity of the theoretical model. The scat- 
tering behavior of solutions of recently synthesized polystyrene of M, = 4.4 X lo7 in cyclohexane a t  various tem- 
peratures and in benzene a t  40’ was investigated. From the log-log plots of the scattering function vs. z, a statisti- 
cal parameter was calculated, whose value depends on the magnitude of long-range correlations between any pair of 
chain elements. It is found that above the 8 temperature this parameter is practically independent of temperature 
and that its numerical value was found to agree well with the value obtained from Monte-Carlo calculations. In the 
neighborhood of the 8 temperature, this parameter decreases rapidly with decreasing temperature, indicating a 
first-order transition in chain conformation. 

I. Introduction 

A. Experimental Background. Since the introduction 
of Debye’s analysis2 of molecular light scattering measure- 
ments, i t  has been the mainstay of exacting studies of poly- 
meric chain dimensions and their parametric dependence 
on molecular weight and excluded volume. In particular, its 
use for the determination of the weight average molecular 
weight and the z average radius of gyration has become 
routine and totally accepted. These routine determina- 
tions, however, only utilize a small portion of the available 
scattering pattern. Much less common is experimental and 
theoretical work that attempts to use as much of the scat- 
tering pattern as can be experimentally determined. Indeed 
a recent review3 as well as other research papers imply that 
there is considerable uncertainty about what new informa- 
tion on chain statistics can be experimentally determined. 

Therefore this paper attempts (1) to show more incisive- 

ly than before what information from the experimentally 
accessible scattering curve can reasonably be related to the 
statistical description of the chain from either Monte-Carlo 
or chain enumeration methods, (2) to interpret newly avail- 
able light scattering measurements on polystyrene in good 
and poor solvents to calculate these same chain statistical 
parameters, and (3) to demonstrate that a better knowl- 
edge of the chain statistical parameters is not likely to be 
obtained unless molecules which are chemically tagged at 
definite intervals to enhance scattering are used in scatter- 
ing measurements. 

Typical chain dimensions are usually expressed as end- 
to-end distance or radius of gyration. Over the whole poly- 
mer of N segments these distances will be respectively des- 
ignated ?‘N and SN. There is considerable evidence, based 
on both Monte-Carlo investigations and exact chain enum- 
erations, which shows that w2 and S N ~ ,  when averaged 
over all configurations, depend on molecular weight, M, as 
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MY, where y is a constant. This constant is equal to 1 when 
there are no long-range interactions. In a good solvent, y is 
greater than 1 and is frequently given a value of 1.2, which 
is based on a polymer chain model simulated by a self- 
avoiding walk on a lattice. In a poor solvent, where only 
S N ~  is investigated, y can be less than 1, although it cannot 
be less than %, the value it attains in a “condensed” phase, 
where the chain is folded into a compact arrangement. 

Light scattering measurements are customarily inter- 
preted in terms of sums of riI2P where r i j  is the distance be- 
tween segments i and j, and p = 1 ,2 ,  . . . , averaged over all 
i and j .  Only ( S N ~ ) ,  the mean squared radius of gyration, 
is readily determined from routine light scattering mea- 
surements so that the parameter y must be determined by 
measuring the variation of ( S N ~ )  with molecular weight on 
a series of fractions. Only recent19 have experiments of 
sufficient precision been made to determine y by examin- 
ing a series of polymers having differing molecular weights 
of well-defined and preferably small polydispersity over a 
large range of molecular weights. The preparation and 
characterization of such a series of high molecular weight 
polymers is tedious and time consuming. 

For experimental ease it is desirable to avoid the prepa- 
ration of such a series of polymers and attempt rather to 
determine the statistical chain parameters by using only 
one polymer but using more of the total angular scattering 
curve. I t  is shown in this paper that only from the asymp- 
totic expansion of the scattering function can the polydis- 
persity effects be eliminated so that the statistical chain 
parameters can be determined unambiguously. Practically, 
this limits the applicability of the method to very high mo- 
lecular weight polymers analyzed by light scattering or to 
moderate molecular weight polymers analyzed by low angle 
X-ray scattering. However, such samples are easily pre- 
pared if there is no need to have narrowly dispersed molec- 
ular weights. However, it  must be emphasized that the sta- 
tistical parameter that  is determined in the above proposed 
experiment is not the exponent y that governs the depen- 
dence of radius of gyration on molecular weight, but it is 
another exponent, v. This exponent v governs the depen- 
dence of ( r ; j 2 ) ~  on Ii - j (  assuming that ( r i j 2 ) N  is a func- 
tion only of the difference of ( i  - j l .  This assumption will 
be discussed later and will be shown to be related to the 
value of v, although it may be smaller than the y actually 
determined from a series of high molecular weight poly- 
mers. It is shown in this paper that  reasonable independent 
theoretical estimates of the value of v can be made by using 
the approximate segment correlation function obtained 
from chain enumeration and Monte-Carlo results. I t  is fi- 
nally shown in this paper that  experimental values of Y 

from light scattering measurements on a high molecular 
sample of polystyrene using the proposed asymptotic ex- 
pansions are in good agreement with the values deduced 
from the appropriate chain enumeration and Monte-Carlo 
calculations. 

The light scattering experiments were conducted at  sev- 
eral temperatures around the 0 temperature so that it is 
possible to evaluate v as a function of temperature near the 
8 temperature. The behavior of v leads to the speculation 
that this exponent near the 0 temperature behaves in a 
manner similar to critical region exponents near the critical 
temperature for other phenomena such as ferromagnetism 
near the Curie point. 

B. Polymer Chain Scattering Function. The polymer 
chain scattering function is equal to the ratio of the scat- 
tered intensity observed a t  an angle 0 to that a t  zero angle, 
averaged over all orientations of the molecule. Explicitly, it  
is denoted as a function of a single variable, g, where w = 

(4a/X) sin 012, and X is the wavelength of the radiation in 
the scattering medium. 

For a system of flexible randomly oriented macromole- 
cules, Debye2 derived the following equation for the scat- 
tering function P ( p )  

= (N + 1)’ i , j  C (sin ( p Y i j ) / p Y i j )  (1) 

The angle brackets denote that the average is taken over all 
spatial configurations of the chain molecule. In eq 1, r i j  is 
the distance between scattering elements i and j of the 
chain, composed of N links ( N  + 1 beads). The scattering 
function P(g)  is conveniently expressed as a function of an- 
other variable, x ,  which is related to g by 

x = p2(S,2) (2) 

The quantity ( S $ )  is also known commonly in polymer 
science as the mean square radius of gyration of the chain, 
although it is not related to any particular direction, as de- 
fined in mechanics. 

Expanding eq 1 in terms of the moments of the vector r i j ,  
one obtains 

Since 

we have 

‘I - N - 1  N 

@+-(N+ 2 x2 
3! 5 !  

Let (sryP) be the quantity 
N-1 N 

Obviously, (s lv2)  = ( S N ~ ) ,  the mean square radius of 
gyration of the chain. The dimensionless quantities, en- 
closed by the braces in eq 6, are defined as 

so that eq 6 can be rewritten as 
2x 2x2 

P ( p )  = 1 - - 3! + -A,(4,2) 5 !  - 

2 x3 -Ah,(6,2) + . . . 7! (8) 

For random coils; As(2p,2) = ( 2 p  + l)!/(p + Z ) ! ,  so that eq 
8 simplifies to 

( 9) 

Equation 9 can also be obtained when the well-known 
Debye equation for scattering function for random coils3 
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p(p )  = 2(emX - 1 + x ) / x 2  (10) 
is expanded in powers of x .  

Expansion of P ( p )  in this particular form is convenient 
for the investigation of the effect of long-range perturba- 
tions associated with volume exclusion on the scattering 
function. This excluded volume effect tends to alter the 
Gaussian behavior of linear chain molecules. In order to in- 
vestigate the effect of volume exclusion on the polymer 
scattering function, the following assumptions are made. 

1. The mean square distance between the i th and the j t h  
chain elements is given by the relationship5 

v is an arbitrary parameter, whose value depends on the 
magnitude of the excluded volume effect and which is 
equal to one in 8 solvent. Thus, (rii2) is assumed to de- 
pend on I i - jl and N only. The fact that (rij2 ) depends on 
N will be indicated by a subscript N outside the angular 
brackets. 

Since (rN2) varies with N as NY, eq 11 implies that for y 
> V ,  the value of the average end-to-end distance for a 
whole molecule of N segments is smaller than the value of 
the average distance of separation of segments K and K + 
N in a larger molecule having a total number of segments 
exceeding K + N - 1. 

2. Because of the excluded volume effect, the distribu- 
tion function for the intramolecular distances between i 
and j elements is not g a u ~ s i a n . ~ , ~  However, the distribution 
function W(r;;) is assumed to be spherically symmetric 
and of the same limiting form for each pair of the segments 
i and j .  Specifically, we assume that 

W(r,j) a ~ i j - ~ F ( ‘ ~ i j l ~ i j )  (12) 
uj; is the scaling length, which measures the mean separa- 
tion between segments i and j .  

I t  is assumed that 
(13) 

C, the constant of proportionality, is independent of i, j ,  
and N. It  is determined from the calculated second mo- 
ment of the distribution W(ri;). 

2 1 / 2  
N 

U i j  = C(rjj ) 

Define 

(ri j p )  = ri?W( ri ,)4nrij2dr, ,  (14) 

Introduce eq ll, 12, and 13 into eq 14. In eq 14, replace ri;/ 
( i  - jl by a single variable. Since W ( F ~ ; )  is assumed to be 
of the same form for every pair of segments i and j, and 
since C(rN2)ll2 is equal to ON, the scaling length of the 
chain-end separation, we obtain 

i- 

or (15) 

(yjjp) = ( r i ~ 2 > P / 2 ( r N P ) / ( r N 2 ) 9 ’ 2  

In eq 7 ,  (ri;p) are replaced by the rhs of eq 15. The sum- 
mations over i and j are replaced by integrations, and the 
following equation is derived. 

(16) 
Equation 16 is a useful form for the qualitative investiga- 

tion of the effect of volume exclusion on the scattering 
function. Examine first the coefficient of x p  in the sum- 
mand of eq 16, which is enclosed by braces and denoted by 
As(2p,2) 

where 
As(2P, 2) = g(P, 4 6 , ( 2 A  2) 

g(P, 4 = [!I + 4 ! 2  + 4 1 P / [ ( 1  + P 4 ( 2  + pv,] 
6,(2p, 2) = lim (rNZP)/(rN2)P 

g(p,v) depends on volume exclusion, via the exponent V .  

For gaussian chains v = 1. 6,(2p,2) is defined as the reduced 
2pth moment of the distribution of chain-end separations. 
In the absence of long-range interactions of which volume 
exclusion is a typical case, 6,(2p,2) = 6,O(2p,2) = ( 2 p  + 
1)!!/3P ( ( 2 p  + l)!! = (2p + 1)(2p - 1) . . . 1). On the other 
hand, both Monte-Carlo computations and exact chain 
enumeration on self-avoiding walks (chains with volume 
exclusion effects) show that the distribution of chain ends 
is definitely nongaussian. Specifically, these computations 
lead to the following inequality 

N- - 

W P ,  2) < 6,O(2P, 2) 

AS*!2P, 2) = g(P, 4br0(2P,  2) 

Now introduce another quantity, As*(2p,2), to be de- 
fined as follows. 

The chain model for which As(2p,2) = As*(2p,2) is based 
on the assumption that, while (rij2) is a nonlinear function 
of ( i  - jl, the distribution of intramolecular distances is 
governed by the gaussian distribution law. This is essen- 
tially the chain model employed by Ptitsyn? Loucheux et  
al.,9 H ~ d e , ~  and Peterlin.’O 

The above considerations lead to the following inequal- 
ity. 

As0(2p,2) is the coefficient of xP/(2p + l)!, eq 16, for gauss- 
ian coils 

A:(2P, 2) = (2p + l ) ! / ( p  + 2)!  

The implication drawn from the inequalities, eq 18, is that: 
the assumptions of (1) a nongaussian distribution of the 
chain-ends separations and of (2) a nonlinear dependence 
of the second moments of the vector ri; on I i - j l ,  partially 
compensate each other in their effects on the computed 
values of the coefficients in the expansion of P ( p ) .  

To better illustrate the above arguments, consider the ef- 
fect of volume exclusion on As(4,2), which is the coefficient 
of (2/5!)x2 in the series expansion of P(p)  in powers of x .  
Assume that 6 ~ ( 4 , 2 )  = 1.48, which is the limiting value for 
( r ~ ~ ) / ( r ~ ~ ) ~  for self-avoiding chains as computed by 
Monte-Carlo and by chain enumeration methods.6 For a 
hypothetical value of v = 1.2, one obtains A,(4,2) = 4.90 as 
compared with As0(4,2) = 5.00 gaussian coils. On the other 
hand, it was assumed by previous investigatorsa10 that the 
distribution of chain links is gaussian, while retaining for v 
its value for nonideal chains. (In ref 8-10, a tacit assump- 
tion is made that (r;j2) E Ii - j l? ,  so that v = y.) In this 
case, the deviations of &(4,2) from its gaussian coil value 
of 5 will be significantly greater. Thus, taking again v = 1.2 
and dr0(4,2) = 5 j ,  one obtains As*(4,2) = 5.52. 

The above considerations provide a qualitative explana- 
tion to the observed fact1]-13 that eq 10 (derived for ran- 
dom coils) is of wider applicability than one would expect 
considering the assumptions upon which its derivation was 
originally based. More specifically, we provide an explana- 
tion of why little distinction can be made between the P ( p )  
vs. x curves for polymers in e solvents and for polymers in 
good solvents as long as only low values of x are examined. 

i As(2P, 2) - As0(2P, 2)/ 5 /As*(2P, 2) - As0(2p, 2) i (18) 
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McIntyre, Mazur, and Wims14 and Smith and Carpenterll 
found that x has to exceed the value of 5 before the scatter- 
ing function P(w) for a polymer in a good solvent will show 
a significant deviation from the scattering function for the 
same polymers in a 8 solvent. 

Since large values of x are required for the purpose of 
our present investigations, the power expansion of P ( g )  is 
of little practical use. Instead, an asymptotic expression for 
P(w)  that  is valid for large values of x is derived. This is 
done as follows. Equation 1 is rewritten in the following form 

s in  ( p r i j )  vi,’ W(ri j )dyj  (19) 

Assuming that the distribution function W (  rij) takes on 
the same functional form for all distances rij, and is spheri- 
cally symmetric, then, letting W(rij) = Wil(r), eq 19 is re- 
written as 

P(p)  = 47 J W ( p y ) - ‘ s i n  ( p y ) y ’ p ( r ) d Y  (20) 
0 

and N N  

p(r)dr is the density probability that the distance be- 
tween two scattering elements, i and j ,  arbitrarily selected, 
lies within an interval (r, r + dr). 

Since we assumed that W(rij) is a function of I i - jl 
1 

p ( r ) d r  S (1 - 4 W,(r)dzdr (22) 

where z = Ii - j I / N  

pressed as follows 
On the basis of assumptions, eq 11 and 12, W,(r) is ex- 

&;(Y) = R,z-3F(r/R,) 

R, 2 R O ~ V 1 2  

Ro, which is a scaling length of chain-end distance, is pro- 
portional to the root mean square of the end-to-end dis- 
tance in a chain, that is 

R, ( y N 2 ) 1 1 2  

In the Appendix it is shown that for commonly employed 
distributions which fit into the general form given by eq 
236 

l im P(p)  = Axi1”  - B x 2 / ”  (24) 

where the derivation is restricted to monodisperse systems. 
The quantities A and B ,  eq 24, are functions of u and statis- 
tical parameters which describe the shape of the distribu- 
tion of chain dimensions. For example, if one assumes that 
this distribution is given by 

Y W  

F (  y) = D! ?)esy6 = Y/R,  
with (25) 

l im log [D(Y)]Y-~ = 0 

then 6 is the designated shape factor. Thus, A and B de- 
pend on 6. The polydispersity effects also influence the 
values of A and B,  since N has to be replaced by its average 
taken over the entire range of degrees of p01ymerization.l~ 
In addition, since the radius of gyration of a polydisperse 
system is defined in such a way that limd-0 [l - P(w)] = 
x / 3 ,  the variable x, defined by eq 2, will be multiplied by an 
additional factor equal to 

)I- - 

~wN1’~(N)di’; /[  J E N f  0 (N)dN] ’+’ 
where f ( N )  is the distribution of the number of statistical 
links in the polymer chain. Therefore, the coefficient A ,  de- 
rived in the Appendix, for monodisperse systems will in- 
clude the following additional factor 

~ w N 1 ~ r l v f  (N)dN{ s E N f  0 (N)dS} - ( ‘ “ l V )  (26) 

Similarly, the coefficient B is modified as follows: 

l m N 1 - 2 r 1 ” f ( - \ ? d N {  s m N f  0 ( N ) d S ) - ( l + ’ l v )  (27) 

Amomdisperse and Bmonodisperse are given by eq A6 and A9, 
respectively. In 8 solvents, for which u = y = 1, eq 26 and 
27 reduce to 

A polydisperse / A  mondispene = iwz/*vx 
Bpolydirperse /Bmonodispene = MZ2( ~v,,,~v,,) 

Because of polydispersity effects, the coefficients A and B 
are seen to depend on y, in addition to u. 

The fact that the exponents of x in eq 24 are functions of 
u only can be utilized directly in order to estimate u. By 
plotting log P(w) vs. log x to find the limiting slope a t  large 
values of x it  is possible to determine u. This method was 
discussed earlier by Loucheux, Weill, and Benoitg and 
more recently by Carpenter.12 We wish to draw attention to 
the fact that the considerations of these authors are not 
necessarily restricted to coils with Gaussian distribution. 
For example, for model chains with distribution functions 
simulating the non-self-intersecting chain lattice models 
(volume exclusion), proposed by MazurGa and by Domb, 
Gillis, and Wilmers,6b or for the distribution function pro- 
posed by Edwards,IG the above considerations will also 
apply. 

The major difficulty encountered previously in this kind 
of analysis of experimental data is the fact that the range of 
the experimentally determined variable x is insufficient to 
be used with the limiting equation for P ( p ) ,  that is, with 

lim P(p) = Ax-l’’ (28) 

Even in the very best solvent, and a t  the largest measured 
angles of scattered radiation, x seldom exceeded the value 
of 10. To by-pass this difficulty, the second term, which is 
proportional to x - ~ ’ ” ,  was included in these computations 
of u. However, the computation of u will now depend not 
only on the dispersity of the polymer solution, but also on 
the shape of the distribution of intrachain distances. Only 
on the basis of the light scattering experiments with solu- 
tions of very high molecular weight polymers, not available 
heretofore, one can obtain high enough values of x so that a 
limiting slope based on eq 28 can be reached within the ex- 
perimental range of measurements, and u calculated, with- 
out having to consider the effect of the shape of the distri- 
bution of chain dimensions on the scattering function. 

We presented two equations for P ( p ) .  The first one, ap- 
plicable to low values of x, is given by eq 16. The second 
one, valid only for large x, is given by eq 24. Both these 
equations incorporate, implicitly, volume exclusion effects. 
Since, because of volume exclusion, second moment of the 
vector rrl is a nonlinear function of Ii - j l ,  the parameter u 

x- 
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has a value that, except for the 8 point, is different from 
one. In addition, the distribution function W( rL,) is non- 
gaussian. This nongaussianity of W(r,,) affects the values 
of 6,(2p,2), the reduced moments of the chain-end separa- 
tions, eq 17, and the values of the parameters A and E,  eq 
24. 

As shown above, the investigation of the volume exclu- 
sion effects on the chain conformation, performed on the 
basis of light scattering measurements, can be made only a t  
large values of x Only then can the parameter v be isolated 
and determined independently of the shape of the distribu- 
tion function and of the polydispersity in the molecular 
weight distribution. Having determined v, one can get a 
qualitative picture of the shape of the distribution W(rI,) 
from the calculated parameters A and B, eq 24. (For de- 
tails, see Appendix and ref 17.) 

The main purpose of this paper is to evaluate the param- 
eter v and to find its dependence on temperature and/or 
solvent. This is done, whenever possible, on the basis of eq 
28. Only for polymer solutions in very poor solvent (poly- 
styrene in cyclohexane at  34O), the two-term eq 24 has to 
be employed, rather than the one-term eq 28. 

The derivation of eq 24 and 28 was shown to depend on 
the following two assumptions: (1) the mean square dis- 
tances of separations between pairs of segments, ( r v 2 ) ,  are 
reasonably well approximated by eq 11, and (2) the distri- 
bution function for intrachain separations, W( rII ) ,  is given 
by eq 12. Therefore, the first thing to do is to investigate 
the approximate validity of the eq 11 and 12. The best pro- 
cedure to do so is to calculate the moments of the vector rI,, 
using numerical data obtained by Monte-Carlo and by 
exact chain enumeration methods. 

The remainder of this paper will be divided into two self- 
containing parts. The first part deals exclusively with the 
moments of the distribution of intramolecular separations, 
and is further subdivided into two sections. The first sec- 
tion deals with the second-order moments associated with 
the distribution of the vector ry. These moments are ex- 
pressed in terms of a correlation between any pair of chain 
elements, using the method of Domb and Hioe.18 The sec- 
ond section deals with the examination of the validity of eq 
12, by computing, using Monte-Carlo method, selected 
higher order moments of the distribution of intrachain sep- 
arations. 

The second part of this paper deals with the analysis and 
interpretation of the scattering function of a very high mo- 
lecular weight polystyrene in good and in poor solvents. 
The slopes of log P ( k )  vs. log x yield the statistical parame- 
ter v. For polymers in good solvents, this value of v is com- 
pared with the value of v obtained in section I1 from 
Monte-Carlo computations. 

11. Moments of t he  Distribution of the  Intramolecular 
Separations 

A. Second Moments of Intramolecular Separations 
a n d  Thei r  Relations to the Chain Correlation Func- 
tion. In this section, the following investigations are made. 

1. The validity of the approximation 

where BN is a proportionality constant, which depends on 
the chain length only, is examined. This will be tested by 
computing several second-order moments, which can be re- 
lated directly to the correlation between any given pair of 
segments i and j ,  and for which an explicit knowledge of 
the distribution of intrachain distances is not needed. 
These second-order moments are computed, assuming that 
eq 11 is valid, and are then compared with the same mo- 

ments that were computed directly by Monte-Carlo and by 
chain enumeration methods (ref 18 and 19 data calculated 
with this work). 

These second-order moments include mean square dis- 
tances of separations between fixed pairs of points, a and b, 
in the chain of N segments. In the present work, a can have 
one of these values 0, Nl4, and N/2, while b can have one of 
these values Nl2, 3Nl4, and N, with a < b. Other quan- 
tities which can be computed directly from eq 11 are the 
mean square distances of all polymer segments from a fixed 
point in the chain. In the present work this fixed point is 
either identified as the origin of the chain, or as the loca- 
tion of the middle segment. The first of these quantities, 
commonly designated as ( Q N ~  ), is defined as 

and is employed in Mbnte-Carlo computations of the radi- 
us of gyration.20 The other quantity is defined by the rela- 
tion 

Another quantity, which can be derived directly from eq 
11, is the mean square radius of gyration, eq 3. 

2. From the list of correlation functions between the i th 
and the j t h  chain elements provided in ref 18, select a form 
which can be further simplified in such a way that it leads 
to results which are consistent with the assumption, eq 29a. 

3. Assign a value to v, eq 11, which leads to a best numer- 
ical agreement between the moments derived from eq 11 
and the moments calculated by Monte-Carlo and by chain 
enumeration methods. 

Let ui be the bond vector connecting the (i - 1)th scat- 
tering element with the i th scattering element. Each bond 
vector ui is taken to be of a unit length. The vector rN, 
which connects the first and the last scattering elements, is 
given by 

N 

rN = c u i  
i= l  

Define a correlation ( u ~ - u ~ ) N  between the ith and the j t h  
scattering elements as the scalar product between the bond 
vectors ui and uj, averaged over all possible configurations 
of a chain. The mean square distance between the first and 
the (N + 1)th scattering elements is given by 

One can show that, for large N and for fixed values of a and 
b 

Following Domb and Hioe,18 assume that ( u p u j ) ~  can be 
represented by 

(ui u ~ ) ~  A ~ ( x , ~ ) / N ~ - ~  (3 1) 

In eq 30, i and j are arbitrarily selected segments between 
two fixed points a and b. 

The exponent y in eq 31 comes from an established rela- 
tionship 
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N U  

(provided that y > 1 and N is large enough so that the first 
term in the rhs of eq 29b can be neglected and therefore, 
(rN2) a NY). @ ( x , y )  is singular on x = y ,  and the singular- 
ity is of a form ( x  - Y ) - ~ + Y .  Therefore, d ( x , y )  can be for- 
mulated as follows:18 

@ ( x ,  y)  = x ( x ,  3)) / ! x  - Y ) 2 - y  (32) 

In eq 32, x ( x , y )  is a nonsingular function of x and y .  
As a first approximation, assume that x ( x , y )  = E,  a con- 

stant. Normalizing @ ( x , y )  so that the denominator of eq 30 
equals 1, one obtains B = (y  - l )y ,  and therefore 

C is a numerical constant, which is independent of N .  For y 
= 6/5, B = 0.24. 

We know that eq 33 leads to incorrect results. From eq 
33 we would obtain that 

Taking again y = 75, the results are shown to be a t  variance 
with Monte-Carlo computations and with the exact chain 
enumeration. (See Table I, compare columns 2 and 3.) 

In order to get the second moments of the chain correla- 
tion function to agree as closely as possible with the same 
moments, computed directly by either chain enumeration 
or by Monte-Carlo computations, Domb and Hioel* sug- 
gested several alternative forms for the function x ( x , y ) .  
These functions are restricted to expansions in power series 
in x - y and in 1 - (x + y ) ,  retaining up to quadratic terms 
of these variables. Of the three forms for x ( x , y )  proposed 
in ref 18, we selected the particular form in which the con- 
tributions of terms involving 1 - ( x  + y )  are the smallest. 
The function for x ( x , y )  selected after terms involving (i + 
j )  have been deleted is the following one: 

In eq 35, the normalization constant B is found to be 
-1 1 2 +  1 

y ( y  + 1) (Y + l ) ( Y  +%I 
(36) 

Assuming y = 6/5,  one obtains B = 0.282. In the full form for 
x ( x , y )  (eq 29c, ref la) ,  B = 0.295. There is a close agree- 
ment between the approximate value of B (assuming that x 
= x( l i  - j l / N )  only) and the more accurate value of E,  
given in rcf 18. The slight difference between these two 
quantities is attributed to the omission of terms involving i 
+ j from eq 35. 

From eq 31, 32, and 33 and the assumption that y = 1.2, 
eq 37 is found. This equation for (ri;2)/(rN2) serves as a 

. 2.2 i -31  0.758 ('7) i - 3 1  + 0.143 ( 3 7  

good approximation that is valid for the two extreme cases 
of interest, namely when li - jl >> 1 and when li - j l /N << 
1. In the limit of i = 0 and j = N ,  (rij2)N = (rN2),  as ex- 
pected. For Ii - jl << N ,  we obtain 

which is reasonable. 
The following relationships of ( S N ~ )  and ( 0 ~ ~ )  to (UP 

U,)N in terms of reduced variables, n = i /N  and y = j / N ,  
can be derived: 

1 i 

0 x 
(SN')  = N 2  J d x  J ( 1  - Y ) x ( u i * u j ) N d Y  (38) 

and 

Substituting for (ui-u,)? in eq 38 and 39 using eq 31, 32, 
and 35 and then integrating gives 

and 

(QN2) = ;[2 + y - 2(y  - 1) + - 
3 + Y  ( y N  ) 

For y = 1, (SN ' )  = (rhi2)/6, ( 0 ~ ~ )  = ( r ~ ~ ) / 2 ,  as expect- 
ed. For y = 6/5, ( S N ~ )  = 0.153(rhr2) which is remarkably 
close to the exact result of 0 . 1 5 7 ( r ~ * )  obtained from 
Monte-Carlo computations.20 

The three-term expressions for the ( rij2 ) N ,  ( S N ~  ) , and 
( Q N ~ )  are derived under the assumption that the correla- 
tions between the i th and the j t h  chain elements are func- 
tions of I i - jl only; they are nevertheless cumbersome and 
unwieldy, particularly when they are used for derivation of 
higher order moments. Consequently, a simpler, one-term 
formula for (rij2)N will be used for further calculations. 
While the simpler formula will not hold for small values of 
Ii - j l ,  the contributions of the small intramolecular sepa- 
rations toward the radius of gyration and toward higher 
moments of the averaged intramolecular separations were 
earlier shown to be negligible: when N is sufficiently large. 
The following simple formula is chosen to replace eq 37 for 
(ri;' ) N: 

With this simplification 

(sN2) = ( Y N * ) / ( l  + v)(2 + v) 

( Q N 2 )  = (y,V2>/( 1 + v, 

(43) 

(44) 
and 

To find the best value for u ,  the right-hand sides of eq 43 
and 44 are equated to the values of these quantities, calcu- 
lated from eq 40 and 41, with y = 1.2, as follows: (1) [(l  + 
v)(2 + v ) ] - 1  = 0.153 and (2) (1 + u)- l  = 0.471. From (1) u = 
1.105 and from (2) u = 1.096. An intermediate value of u = 
1.10 was chosen for further calculations. As a final check, 
Table I includes all the second moments which can be di- 
rectly evaluated from the known correlation function 
+ ( x , y )  and for which exact numerical data are available in 
the literature. These exact moments are compared first 
with the crude assumption that (r,j2)N Ii - j l ~ ,  that is, 
that  the mean square separation between two chain ele- 
ments i and j in a chain of N links is independent of N and 
second, comparison is made on the assumption that (r;,2)N 
depends also on N ,  as postulated by our compromise for- 
mula, eq 42, with u = 1.10. 

I t  is clear from Table I that the value of u = 1.1 agrees 
well with the computed second moments of the correlation 
function (upu, ) N  and is superior to the assumption that u 
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Table I 
Estimates for Various Reduced Second Moments, 

Nonself-Intersecting Chain, Cubic Lattice 

N-1 N 

C C ( y i j 4 )  
i=O j > i  

- ~~ 

Assumption 
U =  

Moment Computed y = 1.2 v = 1.1 

( v o , s / i 2 ) s ' ( Y h 3  0.2047 i 0.O05OQ 

(YN 14, N I ? )  N '(YN?) 

( ? ' o , N / * 2 ) N  '(v,?? 0.4607 i 0.0094,a 
0.460 + 0.005b 0.435 0.466 

(?.A / 1 , 3 N  / 4 2 ) N ( ? . s 2 ?  0.4893 i 0.0168," 
0.495 i 0.005* 

( P o ,  3 N  1 3  '"(YN? 0.737 i 0.0137" 0.708 0.729 

(Q,,?) '(YN? 0.472 i 0.002,Q 
0.476 i: 0.001" 0.454 0.476 

- ~ ( V , , , ~ / ~ ? ) ' ( Y ~ ~ )  0.222 i 0.003b 0.198 0.222 

0.189 0.218 
0.2203 i 0.005a 

1 .'! 
si- 1 ,;n 

'(YN? 0.155 i 0.001," 
0.158 i 0.001" 0.142 0.154 

Data from ref 18 and 19. bDa ta  calculated with this work 
Data trom ref 20 

= y = 1.2 (which represents the case when the function 
x ( x , y )  is a constant). 

These arguments also demonstrate that the selected 
value of 1.10 for the exponent u is a direct consequence of 
the assumption that y = 1.2 and that the correlation func- 
tion between any pair of segments may be approximated by 
31, 32, and 35. Therefore, the value u = 1.10 is consistent 
with both y = 6/5 and with an assumption that x ( x , y )  = B [l 
- ( x  - y)I2. x ( x , y )  is, in turn, related to the correlation 
function (ui-u, ) N  through 

x ( x ,  y) a [A'(. - y) ]2'y(ui  " j  ) N = I i - j/2-y(ui * u j ) N  
(45) 

Equations 42-44 can be derived directly, by assuming that 
the correlation function between segments i and j is ap- 
proximated as follows 

(ui* u ~ ) ~  z v(v - 1) 1 i - j l v - 2  

( b ( x , y )  = v(v - 1 ) l y  - x p - 2  

(46) 

or, by using eq 32, as 

x = i / N ,  y = j/N 

Because of the approximations involved eq 46 can be em- 
ployed only for the computations of moments in their re- 
duced forms, and only for cases when the contributions of 
small values of 1 i - j l  toward the computed averages can be 
neglected. 

B. Evaluation of Higher Order  Reduced Moments 
and  The i r  Verification from Monte-Carlo Computa- 
tions. Higher order reduced averaged moments of the gen- 
eral form 

have to be evaluated for light scattering calculations con- 
cerning polymers. 

In order to obtain fourth-order moments, such as 

and 

a correlation function involving four chain elements 

((ui ' uj) ' ( U k  ' ul) ) N  

is needed. Rather than proceeding along these lines of es- 
tablishing higher order correlations, we will adopt a differ- 
ent approach, that does not involve correlation function be- 
tween segments. We start with the assumption that eq 12 
describes correctly the general shape of the distribution 
function W (  ri;). The second moment of this distribution, 
( r i j 2 ) N ,  is assumed to be given by eq 11. Moreover, the re- 
duced moments of order p of the chain-end distribution, 
6R(p,2) ( r N P ) / ( r N 2 ) P / 2 ,  are assumed to be known from 
the available data based on Monte-Carlo computations on 
self-avoiding walks in a lattice. 

From (l l) ,  (12), and (14) the following equations are de- 
rived: 

(47) 

In eq 48 and 49 x = i /N  and y = j / N .  
The constant C which appears in eq 47-49 is indepen- 

dent of i, j ,  and N .  It  depends on the parameters which de- 
scribe the shape of the distribution function. This constant 
is determined from the computed second moments of 
W ( r i; 1. 

In eq 47-49, y ~ ( p , 2 )  are the reduced moments of the dis- 
tribution functions of the chain-end separation, defined by 
h , - p ) I ( r N 2 P / 2 .  

The validity of eq 47-49 was checked by computing some 
of the reduced higher moments, using the Monte-Carlo 
technique. The computed reduced moments are extrapolat- 
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Table I1 

Eq 47 Gaussian distribution 
Computed Gaussian 

Monte -Carlo v = 1.1 v = y = 1.2 v = 1.1 v = y = 1.2 coil 

(YN/4,3~/4~) N / ( Y ~ ) ’  0.335 i 0.002 

( Y f l , N / 2 4 ) N / ( y N 2 ) 2  0.304 i 0.002 

0.286 i 0.004 

0.252 i 0.003 

0.322 0.280 0.363 0.316 0.417 

6 
(YN Id, 3 N  I4 ) N < / ( y N 2 ) ‘ j  

0.287 0.233 0.395 0.321 0.486 
( yo ,  N n 6 )  d(~N2)~ 

Table I11 

Moments 

~~ 

Gaussian distribution 
Gaussian Computed 

Monte -Carlo v = 1.1 v = y = 1.2 v = 1.1 v = y = 1.2 coil 

0.0954 i 0.0007 

0.4552 i 0.0035 

0.1114 i 0.0007 

0.0583 i 0.0007 

0.637 I 0.007 

0.121 f 0.001 

4.636 i 0.001 

32.49 * 0.05 

ed to infinite chain lengths, and the values so obtained are 
compared with the values found from the relationships 
shown above. The following quantities were computed: 

N -  1 N N 

Some of these quantities involve intrachain dimensions of 
subchains with the same number of intervening elements. 
Two extreme cases were evaluated: (1) intrachain distances 
of half-chains, centered symmetrically about the middle el- 
ement of a chain, and (2) intrachain distances of half- 
chains originating from one of the two chain ends. These 
computations were performed in order to check the magni- 
tude of the error made in the assumption that the location 
of the sequence 1 i - jl does not significantly affect the com- 
puted averages. 

Table I1 presents the fourth and sixth reduced moments 
for distances between pairs of segments separated by N/2 
chain elements, in a chain of N elements for the two ex- 

0.1006 

0.462 

0.110 

0.0667 

0.657 

0.124 

4.662 

34.21 

0.0824 

0.435 

0.0989 

0.0506 

0.614 

0.110 

4.90 

38.38 

0.1134 

0.521 

0.124 

0.0919 

0.904 

0.171 

5.256 

47.19 

0.0929 

0.490 

0.111 

0.0858 

0.84 5 

0.151 

5.501 

52.69 

0.1389 

0.556 

0.139 

0.1215 

0.972 

0.194 

5 .OO 

42.00 

treme cases. The computed results refer to chains of infi- 
nite length. These results were obtained by extrapolation 
of data computed for non-self-intersecting chains on a 
cubic lattice with up to 80 segments, a t  10-step intervals. 

The numerical data, in their reduced form, were fitted 
into a polynomial in inverse powers of N ,  using the least- 
square method. Polynomials of first, second, and third de- 
grees were tried. The polynomial selected as the best fit for 
the data was determined as having the smallest residual 
standard deviation. The extrapolated reduced moments are 
then given by the constant term of the chosen polynomial. 
The possible range in the extrapolated data is given by the 
standard deviation of the constant term. The same proce- 
dure was employed with the data of Table I, footnote b, 
and with the data of Table 111. A total of 32,000 chains was 
generated. 

The reduced second moments (included in Table I ,  to- 
gether with results from ref 18 and 19) were found to reach 
their limiting values so rapidly that extrapolation to infi- 
nite chain length was hardly needed. However, the conver- 
gence to the limiting values becomes slower, as higher order 
reduced moments are computed. Thus, no effort was made 
to go beyond the sixth moments. In addition to the com- 
puted results, column 3 of Table I1 shows the results based 
on eq 47, with u = 1.1. For the reduced chain-end moments, 
6R(p,2), data from ref 6a were used. Thus, in all the compu- 
tations, it was assumed that 6~(4,2) = 1.479 and 6 ~ ( 6 , 2 )  = 
2.824. The data presented in column 4 were computed from 
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eq 47, but with the assumption that u = y = 1.2. In columns 
5 and 6, gaussian-chain values were used for the reduced 
chain-end moments. Thus, values of 6~O(4,2) = 5/3 and 
6~O(6,2) = 35b were employed in these columns. Finally, in 
column 7, the random coil model was used, that is, u =I and 
6R(p,2) = 6 R 0 ( p , 2 ) .  I t  is evident from Table 11 that the as- 
signment of u = 1.1, combined with the values for the re- 
duced moments of mean squares end-to-end distances of 
separation computed for self-avoiding chains (ref 5 and 6a), 
leads to the best agreement with the Monte-Carlo compu- 
tations. The results based on the random coil model differ 
markedly from the Monte-Carlo results. 

In Table 111, calculations similar to those in Table I1 are 
presented for 

N N 

Two values for p were assumed: p = 4 and p = 6. Again, 
the same conclusion can be drawn, namely that the as- 
sumption that u = 1.1, together with the values for the re- 
duced moments of chain-end separation, dR(p,2) given in 
ref 6, leads to the best agreement with the Monte-Carlo 
computations, presented in column 1. In the last two lines 
of Table 111, the quantities 

N - 1  N c c (Y*lP> 
i=O j > i  

are reduced by ( S . W ~ ) ~ ’ ~ ,  rather than by ( r N 2 ) p / 2 .  Those 
reduced moments are identical with the reduced moments 
symbolized by &(2p,2), eq 8. AS(2p,2) are the coefficients 
of [(-l)p2/(2p + I)!] x p  in the expansion of the P ( 1 )  by 
power series in x, eq 17. 

Of some interest is the comparison of the last three col- 
umns of Table I11 with the Monte-Carlo data, column 1. 
Consider first the reduced moments of the form 

computed for two hypothetical chain models: (1) for gauss- 
ian coil model (column 6, Table 111), and (2) for the model 
with u > 1 and with a gaussian distribution of chain-end 
separations (columns 4 and 5). When these moments are 
compared with the corresponding Monte-Carlo computed 
reduced moments (column l), it is seen that the second 
chain model leads to better agreement with the Monte- 
Carlo computations than does the first chain model. Now, 
consider the reduced moments of the form 

and make the same comparison as before. This time it is 
seen that the Monte-Carlo computed reduced moments 
agree better with the moments computed for the gaussian 
chain model than with the second chain model. This point 
was already discussed in the Introduction to this paper (see 
discussion following eq 17). Comparison of columns 2-6, 
Table 111, points to the fact that an increase in u tends to 
increase S,(p,2). On the other hand, the effect of volume 
exclusion on the distribution of chain-end separations 
tends to decrease &(p,2). For the specific value of u = 1.1, 
the over-all effect of volume exclusion on A,?(p,Z) is to re- 
duce this quantity as compared with ASo(p,2) (see eq 18). 

I / T x IO3 K-‘ 

Figure 1. Mean squared radius of gyration (arbitrary scale) vs. 1/T 
X 103K-’ for polystyrene (M, 4.4.107) in cyclohexane, from 
light scattering data. 9 temperature is indicated by A2, the second 
virial coefficient, equal to 0. Basic data used in the determination 
of (S2) are taken from ref 4. 

111. Light Scattering Studies of Very High Molecular 
Weight Polystyrene 

Polystyrene samples of very high molecular weight were 
synthesized by McIntyre et al. using anionic polymeriza- 
tion.21 The weight average and z average molecular weight 
were determined by Slagowski et  al. from sedimentation 
equilibrium experiments.22 The highest molecular weight 
polystyrene sample was found by these authors to have a 
M ,  of 4.37 X IO7 and a M,/M, ratio of 1.11. Systematic 
light scattering experiments were performed by Slagowski 
over a large angular range (15-135’) and over a large range 
of temperatures in cyclohexane (34, 34.5, 35, 35.4, 36.4, 45, 
and 55°).4 From phase equilibrium experiments and virial 
coefficient measurements, 35.5’ was chosen to be the 8 
temperature for this solvent. Below 35’ the solvent is a 
very “poor’’ solvent (second virial coefficient is -17 X 
cm3 mol/g2), but it is not a phase-separated liquid, nor does 
the solution exhibit critical opalescence. At 55’ the solvent 
is moderately good as indicated by its second virial coeffi- 
cient of 3.4 X cm3 mol/g2. Also, the same sample was 
measured by Slagowski in benzene at  40°.* The second viri- 
a1 coefficient is 18 X cm3 mol/g2. Thus, the second vir- 
ial coefficient in the best available solvent (benzene) has al- 
most become of equal magnitude to the one in poorest sol- 
vent (cyclohexane at  34’), but of opposite sign. Over the 
temperature range in cyclohexane (34 to 55’), the size of 
the molecule as measured by its radius of gyration has in- 
creased threefold. The best available solvent (benzene) 
would only increase the molecular size by an additional fac- 
tor of 1.4 and the second virial coefficient by a factor of 
N -5 .  

The absolute molecular weights were determined inde- 
pendently by the equilibrium ultracentrifuge. Light scat- 
tering data were analyzed from typical Zimm plotsI5 in 
such a way that the intercepts in these plots were fixed to 
the ultracentrifuge-determined molecular weight. Thus, 
the initial slope is drawn from these plots and a reasonable 
estimate of the mean square radius of gyration might be 
obtained. (Even if such experimental precaution had not 
been taken, the uncertainty in x would not exceed r 1 0 %  
and any numerical values of u would not be seriously af- 
fected.) In Figure 1, the mean square radius of gyration (in 
arbitrary scale) for polystyrene in cyclohexane is plotted vs. 
1/T, the reciprocal absolute temperature. 8 temperature is 
indicated as a temperature at  which the second virial coef- 
ficient is zero. The sudden contraction of the chain in the 
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Figure 2. P ( L ( )  as a function of x on double logarithmic scale. Data 
are for polystyrene ( M ,  = 44 X lo6) in cyclohexane a t  34.5, 35, 
35.4, 36.4, and 45'. Original data are taken from ref 4. 

I I I  
POLYSTYRENE IN CYCLOHEXANE 5 5 T  

0 POLYSTYRENE IN BENZENE 40°C 

006 I I I I I I 
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Figure 3. P ( L ( )  as a function of x on double logarithmic scale. Data 
are for polystyrene ( M ,  = 44 X lo6) in cyclohexane a t  55' and in 
benzene a t  40°. Original data are taken from ref 4. 

vicinity of 8 temperature is evident. The experimental data 
employed in Figure 1 are taken from ref 4. With the excep- 
tion of polystyrene in cyclohexane at  34O, the asymptotic 
behavior of the scattering function had been achieved since 
the log-log plots of P ( g )  vs. x were found to approach lim- 
iting straight lines for large values of x .  These plots are 
shown in Figures 2 and 3. In these figures, only results for 
large values of x are shown. Data were taken from ref 4. 
The data were analyzed for a fit by eq 28 using the least- 
square method, except for data for 34", which are discussed 
later. Care was taken that the deviations of the given values 
of log P( p )  from the calculated values be random. If the de- 
viations show systematic behavior (that is, they are not 
random) the lowest value of x employed in the least-square 
fitting of experimental data was increased. This process is 
repeated until the deviations appear to be random. In 
Table IV we group u and A ,  calculated by the least-square 
fitting of the log P(w)  vs. log x data, according to eq 28 for 
cyclohexane a t  all temperatures except 34O. 

As is evident from Table IV, the largest value of u ,  ob- 
tained under experimental conditions described above, is 
about 1.12, in close agreement with the predicted value of 
1.1, based on our theoretical model. In Figure 4, u is plotted 
vs. 11T. From this plot we identify the 8 temperature as 
35.4', which is very slightly different from the temperature 

3 3  3 2  31 3 0  2 9  
1 1 T 1031(-l 

Figure 4. u vs. 1/T for polystyrene cyclohexane system. M ,  = 44 X 
lo6 (data taken from asymptotes of light scattering curves). 

Table IV 
The Constants u and A, Eq 28, Obtained from 

Experimental Dataa 

T ,  "C V '4 

Cyclohexane 
34.5 0.901 3.03 
35 0.979 2.43 
35.4 1.012 2.32 
36.4 1.074 2.20 
45 1 . lo1 2.17 
55 1.115 2.13 

Benzene at 40" 
1 . lo2 1.84 

Polystyrene in cyclohexane and benzene. M ,  = 4.27 X 107, 
M,/M* = 1.11. 

a t  which the second virial coefficient is found to be zero (7' 
= 35.50). 

We also calculated u from the scattering data of polysty- 
rene in benzene at  40' and for polystyrene in cyclohexane 
at  34O. Due to much smaller scattering intensities, the data 
for P ( p )  in benzene, particularly a t  large scattering angles, 
are less accurate than the data for polystyrene in cyclohex- 
ane. This reflects itself in a rather large standard deviation 
of the fit (0.025 as compared to 0.01 for the polystyrene- 
cyclohexane system). The results obtained for two different 
molecular weight samples are u = 1.10 and 1.06. 

For polystyrene in cyclohexane at  34O, the highest calcu- 
lated value of x, corresponding to the scattering angle of 
135O, was found to be equal to 22. This fact precludes us 
from using the limiting one-term equation for P(w), eq 28. 
Instead, eq 24 was employed. The best fit of u, A ,  and B 
was found by varying l l u  a t  constant interval, and calculat- 
ing, using least-square analysis, values of A and B together 
with the residual standard deviation of the fi t  of eq 24. 
Theoretically, the set of u, A, and B, for which the standard 
deviation is the smallest, represents the best f i t  of eq 24 to 
the experimental data. However, as is seen from Table V, 
the standard deviation changes but slightly with the 
change in u ,  and the set of values of u,  A, and R, for which 
this residual standard deviation is minimum, does not nec- 
essarily represent the best values of these parameters. We 
will therefore be satisfied with the approximate upper 
bound for u. This bound is found from the following consid- 
erations. For unrestricted chain, the ratio RIA is nothing 
less than the ratio of z average molecular weight average to 
number average molecular weight, that is, RIA = M J M , , .  
Thus, RIA > 1. Since MJM, = 1.11 and M ,  > MI,, (RIA),,  
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Table V 
Least-Squares Data  for Polystyrene in Cyclohexane (34”) 

V A B Res stand dev 

0.862 
0.847 
0.833 
0.820 
C .806 

0.781 
0.769 
0.758 
0.746 
0.735 

0.794 

2.07 
2.22 
2.37 
2.53 
2.71 
2.89 
3.08 
3.28 
3.49 
3.72 
3.95 

-1.97 0.003155 
-1.45 0.003120 
-0.833 0.003086 

0.744 0.003025 
1.73 0.003001 
2.88 0.002982 
4.19 0.002970 
5.70 0.002967 
7.11 0.002974 
9.40 0.002992 

-0.106 0.003054 

> 1.11. Inspection of the eq A6 and A9 points to the fol- 
lowing. 

For polymer in good solvent (i.e., u > 1 and 6 > 2), (A/B)- 
(monodisperse) > 1, while for poor solvents, ( u  < 1 and 6 5 
2) ,  (B/A)(monodisperse) > 1. At 0 point, Amonodisperse = 
Bmonodisperse = 2. Assuming, to a first approximation, that 
@/A) (polydisperse) = @/A) (monodisperse)(M,/M,); it  
follows that, below 8 point, B/A > 1.11. Inspection of 
Table V reveals that this inequality is satisfied for u 5 0.78. 
The minimum standard deviation of the fit happens to cor- 
respond to u = 0.76. Thus, we surmise that u < 0.78. This 
remarkably low limit on u,  a t  a temperature which is only 
1.5’ lower than the 0 temperature, tends to confirm our 
conjecture that the chain undergoes rapid conformational 
transition in the neighborhood of the 0 temperature. 

The coefficient A calculated from the scattering data of 
polystyrene in benzene a t  40’ is considerably smaller than 
the one for polystyrene-cyclohexane a t  55’. Since both so- 
lutions are of the same molecular weight, and since u is 
practically the same, we surmise that the shape of the dis- 
tribution of intramolecular separations is different in those 
two systems. Basing ourselves on the distribution employed 
in the Appendix, which is characterized by a single decay 
parameter 6, we conclude that 6 is greater (the decay of the 
distribution of large intramolecular separations is more 
rapid) in benzene than in cyclohexane. This is to be expect- 
ed, since the polystyrene-benzene system comprises what 
the polymer scientists call a “very good solvent” as evi- 
denced from the high value of the second virial coefficient. 
I t  is postulated that, as the volume exclusion effects be- 
come more pronounced, the value of the shape factor 6 will 
increase.6a,23 And indeed, approximate calculation of 6 
from eq A6, corrected for polydispersity effects according 
to the method of Zimm and Schultz, indicates that 6 is 
around 2.5 for the polystyrene-benzene solution and close 
to 2 for the polystyrene-cyclohexane solution. 

The experiments thus agree with the theoretical calcula- 
tions to the effect that u is smaller than y. Also the value 
for u ( u  = 1.10) obtained from calculations based on a lat- 
tice-simulated chain model with volume exclusion effects 
agrees well with u as determined from light scattering data 
for polystyrene in cyclohexane at  T = 55’ and in benzene 
a t  40’. 

Another more striking conclusion about chain behavior 
can be made if the temperature dependence of u is consid- 
ered. According to Figure 4, u is practically constant for T 
> 7’0 and it drops rapidly around the 0 temperature to a 
value which is considerably smaller than one. This behavior 
of u as a function of temperature tends to confirm a conjec- 
ture made previously by a number of researchers, that a 
single polymer chain undergoes a first-order transition at  a 

certain critical p ~ i n t . ~ ~ - ~ ~  A t  this point the chain abandons 
its coil-like conformation and it assumes a more compact 
configuration. This conjecture can be heuristically justi- 
fied, as follows. A self-avoiding walk can be considered to 
be a ferromagnet with zero degrees of freedom for spin in- 
teractions, as suggested by deGennes,27 in which case the 
exponent y and the “effective” exponent v belong to a 
group of critical indices. Using the smoothness postulate of 
GriffithqZ8 these exponents should remain constant down 
to the transition point. Thus, in Figure 4, v could be equal 
to 1.1 for all T > Te. At T I Te,  u should drop to the value 
it would assume for a more compact phase, and ultimately 
to a value of 2/3. The above considerations apply, of course, 
only in the limit of an infinite chain. It was observed by 
DombZ9 and McCrackin et a1.20 that as the 0 temperature 
is approached from above, longer and longer chains are 
needed before the asymptotic estimate for the exponents y 
and u are realized. (The “effective” exponent v and its de- 
pendence on temperature and on chain length can be ob- 
tained from the reported values of the ratios ( S n 2 ) / ( r n 2 ) . )  
Thus, for short chains, there might not be a unique 8 tem- 
perature. The 0 temperature, defined here as the point a t  
which the mean square radius of gyration is a linear func- 
tion of the degree of polymerization, could depend, in the 
case of polymers of low molecular weight, on the molecular 
weight. However, in our experiment, the polymer is of suf- 
ficiently high molecular weight, so that the asymptotic be- 
havior is obtained, and a unique 0 temperature, a t  which 
chain undergoes a phase transition, can be realized. 

Conclusion 
The main purpose of this work is to justify the underly- 

ing assumptions made in derivation of the polymer chain 
scattering function P ( p ) .  In particular, we pay attention to 
the asymptotic equations for P ( p ) ,  since it is only for large 
values of the experimentally determined scattering variable 
x that the results are meaningful and conclusions about the 
long-range chain interactions (e.g., volume exclusions) can 
be made. In the derivation of the equation for P ( p ) ,  certain 
assumptions, out of necessity, must be made. The validity 
of these assumptions is tested by Monte-Carlo computa- 
tions. First, we tested the assumption that the second mo- 
ments ( r , j 2 ) N  and the derived averages (e.g., mean square 
radius of gyration) depend on I i - jl only. This assumption 
is found to be reasonably accurate, particularly when the 
averages over i and j are taken. Next, the assumption that 
the distribution function for the vector ri, has a simple lim- 
iting form, given by eq 12, is tested. This test is made by 
computing various higher order reduced moments via 
Monte-Carlo method and comparing these results with the 
results one would expect to obtain from the above-made as- 
sumption. 

There is another important theoretical conclusion, which 
is corroborated by the experimental evidence. 

In good solvents, owing to the segment-solvent interac- 
tions, the mean square end-to-end distance and the mean 
square radius of gyration are known to vary as Ny,  y > 1. 
However, it is not the parameter y that: is determined from 
the scattering function P ( p )  and its dependence on the 
scattering angle, I t  is another effective parameter, u, which 
governs the dependence of ( r,j2 ) / ( rN2 ) on I i - il, which is 
related to the scattering function. The value of this param- 
eter, which determines the limiting values of reduced sec- 
ond-order moments, such as (sN2)/(rN2), as N tends to 
infinity, is subject to experimental determination. We 
found that u = 1.1 represents the best value, which is also 
consistent with Monte-Carlo calculations of reduced mo- 
ments for self-avoiding chains and with the approximate 



Vol. 8, NO. 4, July-August 1975 Determination of Chain Statistical Parameters 475 

form for the correlation function between any two seg- 
ments in a chain. Recently conducted experiments on light 
scattering by solutions of very high molecular weight poly- 
mers in good solvents seem to verify this conclusion. 

This agreement between the theoretical analysis of the 
asymptotic scattering function and the experimental find- 
ings is restated as follows. 

In the limit of large molecular weight and large scatter- 
ing angle, the exponent which governs the dependence of 
the scattering function on x, which is the product of the z 
average squared radius of gyration and of the square of the 
magnitude of the scattering vector, depends only on the 
correlation between any two segments in a chain. 

In this work, Monte-Carlo computations were used not 
only for the purpose of computing long-range order interac- 
tions in polymer chains as is frequently done in the litera- 
ture, but, more important, in order to test the validity of 
various approximations which, out of sheer necessity, are 
introduced into the theoretical models of polymer chains. 

Appendix 
Asymptotic Scattering Function for Monodisperse 

Systems. Equations 20, 22, and 23 lead to the following 
equation for the scattering function P ( p ) ,  valid in the limit 
of large N 

F (Cry -’ (r 2)“ ) dy (A- 1 :I 

with y = Ii - jl / N .  In writing (Al),  the additional assump- 
tion is made that 

(A-2) 

The constant C is determined from the calculated second 
moment. For gaussian distribution, C = (3/.)1/2. For an ex- 
ponential distribution with exponent 6, that is, for F ( z )  = 
exp(-t6), C = [r(5/6)/r(3/6)]1/2. The shape function F ( z )  
is as yet undetermined, except that it is a function of the 
reduced variable rl(r, , . )N1/.  and that it decreases expo- 
nentially when r tends to infinity, to ensure the conver- 
gence of the integrals in (Al). 

Introduce a new variable into (AI), 

to obtain 

s in  ( C - 1 y ” ’ 2 ( y ~ ) ’ / 2 p z )  dy (A-3) 

Let P ( p )  = PI - PII, where PI is the first term in (A3), PII  
the second one. Consider the limiting case of p ( r N 2 ) l l 2  - 
m. The limit PI* = 1imx-- P I  can be evaluated for F ( z )  
given by 

F ( z )  = z z  e x p ( - z 6 )  (A-4) 
as follows. Integrate eq A-3 over t. The integration over z 
can be performed in closed form, and the integral is re- 
placed by the incomplete y function. In ref 17 it was shown 
that in the limit of p ( r N 2 ) 1 / 2  - m ,  this incomplete y func- 
tion can be replaced by the complete y function, which is 
independent of the variable y .  In this case, the integration 
over y can be readily performed. Since 

.Yt sin xdx == r(l - 1 )  s in  [ (1 - f ) ]  (A-5) 

f o r  0 < / < 1  

we obtain from (A-3) and (A-5) 

G is the integral 

G =  

for F ( z )  given by eq A-4. 

= p 2 ( S ~ . ) ,  one obtains 
According to eq 43, ( r N 2 )  = (1 + v)(2 + v) ( S N ~ ) .  Since x 

lim P ( p )  = Ax“/’ (A-8) 
x- cc 

For 1 = 0, the coefficient A can be shown to be 

For gaussian coils (v = 1, 6 = 2) ,  A = 2. 
We just showed that for the distribution F ( t )  given by eq 

A-9, eq A-8 represents the solution of eq A-1 in the limit of 
x - a. However, the same conclusion can be obtained for 
other forms of F ( z )  (e.g., F ( z )  given in the form of an expo- 
nential integral). 

Evaluation of B in eq 24 is more involved. Direct substi- 
tution results in the following equation for PII. 

where F ( z )  is given by eq A-4. In evaluating PII* ,  the as- 
ymptotic form of eq A-10, it is necessary to follow the pro- 
cedure adopted in ref 17, namely, start with eq A-1 and in- 
tegrate over y by parts. The value of PII  in the limit of (p/ 
C) ( r N 2 ) 1 / 2  - is 

PII* = lim PII = B.YZJ’  (A-11) 

For F ( z )  = exp(-z*), the following equation for B is de- 
rived in ref 18: 

X-CC 

The expansion of P ( p ) ,  valid for large values of x, is re- 
stricted to the first two terms. The exponents of x in this 
expansion were shown to depend on v only. One still has to 
consider the remainder to the asymptotic equation for 
P ( p ) .  It  is clear that for a gaussian distribution, the re- 
mainder is of the order of e-x. For the distribution em- 
ployed in ref 17 that is, for F ( t )  = exp(-z)6, the remainder 
was shown to be negligible, provided that 6 > 2 and u > 1. 

Difficulty arises when one employs the distribution func- 
tion proposed by Domb, Gillis, and WilmersGb for F ( z ) ,  i.e. 

F ( Z )  = zoe5 e x p ( - z 6 )  
Using the method in ref 17, Utiyama, Tsunashima and Ku- 
rata30 found an additional term in P ( p )  = PI* - PII* which 
is proportional to sin ( ~ 1 / 2 ) x - ( ~ + f ” / ~ .  Thus, the exponent of 
x in this additional term is seen to depend on the shape of 
the distribution function. Our computations did show that 
this term is nonnegligible, unless x is very large and both u 
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and 1 exceed their random coil values (that is, above the 
polymer chain “0” point). 

Since this work deals only with the first term for P ( p ) ,  in 
the limit of x - a, the exact expressions for A and B and 
for the coefficient of are of secondary importance. 
I t  suffices to state that these coefficients can be readily ex- 
pressed in closed form, for a wide variety of the shape func- 
tions F ( z ) .  However, the fact that the two-term (for 1 = 0) 
or the three-term (for 1 > 0) asymptotic equation for the 
scattering function depends both on the shape of the distri- 
bution function and the polydispersity of the polymer 
makes it more imperative to restrict analytical consider- 
ations to polymers of very high molecular weight. 
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Some Aspects of Water Clusters in Polymers 
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ABSTRACT: Cluster theory has been applied to gain new insights into the relationships of water molecules ad- 
sorbed in polymers to each other and to the polymer. In many polymers a t  low relative humidities, it appears that  
two or more water molecules must interact to make a substantial contribution to the partial pressure. In polymeth- 
yl methacrylate, nylon, and cellulose beyond a certain point, newly adsorbed water forms bridges between previous- 
ly uncorrelated water molecules to reduce the number and increase the size of the clusters. In serum albumin a t  
higher relative humidities, water is added to previously absorbed water molecules to increase the average cluster 
size from one to two without changing the number of clusters. 

Sorption isotherms for water in polymers frequently 
have a characteristic sigmoidal shape. At low relative humi- 
dities, the curve is concave toward the humidity axis show- 
ing that polymer-water contacts are favored. At high humi- 
dities, the curve is convex toward the humidity axis. In this 
range, there is a tendency for water molecules to be in con- 
tact with each other. Among the theoretical isotherms 
which have been presented to describe these phenomena 
are those of Brunauer, Emmett, and Teller1 and White and 
Eyring.2 

An approach to determining the degree of clustering or 
nonrandom mixing in a two-component system was devel- 
oped by Zimm3 following the work of Kirkwood and Buff4 
and applied to mixtures of polymers and solvents by Zimm 
and Lundberg.5 This treatment is especially attractive, be- 
cause it does not depend on any preconceived model. Its 
application to the sorption of water in a number of poly- 
mers has been discussed in an earlier note.6 

The mean number of water molecules in the neighbor- 
hood of a given water molecule in excess of the mean con- 
centration of water is given by 

where G11 is the cluster integral, and c1, 41, and a1 are the 
molar concentration, volume fraction, and activity of water. 
From this expression, it follows that the average number of 
water molecules in a cluster may be taken to be clG11 + 1, 
a t  least at  high relative humidities. At low humidities this 
quantity may be less than unity, because the tendency to 
form polymer-water contacts may cause the water mole- 
cules to be more isolated from each other than they would 
be in a random mixture. 

The effect of the surface/volume ratio is very small. As- 
suming that a t  most three molecular layers, say 10 .&, of 
water are absorbed on the surface of a fiber 0.2 mils (5  p )  in 
diameter or a film 1-10 mils thick, the maximum volume 
fraction of surface water would be 10-5-10-3. 

Crystallinity would have a serious effect on the calcula- 
tion only if the crystalline or water inaccessible fraction 
changed reversibly with relative humidity, and this is not 
known to happen. The effect of irreversible changes can be 
minimized by using the desorption isotherm. The choice of 
the entire polymer or the amorphous fraction has surpris- 
ingly little effect on the value of the clustering function. 
The sorption isotherm and the clustering function which is 
derived from it do not depend on anisotropy or orientation, 
per se. 


